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1. Introduction and preliminaries
Throughout this paper we assume that Z+ is the set of positive integers and F(T ) the set of fixed points of a mapping
T , i.e., F(T ) = {x : Tx = x}. If X is a normed space, x ∈ X , and E ⊂ X , then d(x, E) denotes the distance of x to E, i.e.,
d(x, E) = infe∈E ‖x− e‖.
Definition 1.1 (cf. [1–3]). Let X be a real normed space and C ⊂ X . A mapping T : C → X is said to be:
(1) nonexpansive if ‖Tx− Ty‖ ≤ ‖x− y‖, for all x, y ∈ C;
(2) quasi-nonexpansive if F(T ) 6= ∅ and ‖Tx− p‖ ≤ ‖x− p‖, for all x ∈ C and p ∈ F(T );
(3) asymptotically nonexpansive with sequence {λn} ⊂ [0,∞) if λn → 0 as n→∞ and ‖T nx−T ny‖ ≤ (1+λn)‖x−y‖,
for all x, y ∈ C;
(4) asymptotically quasi-nonexpansive with sequence {λn} ⊂ [0,∞) if F(T ) 6= ∅, λn → 0 as n → ∞ and
‖T nx− p‖ ≤ (1+ λn)‖x− p‖, for all x ∈ C and p ∈ F(T ).
From Definition 1.1, we see that if the set of fixed points is nonempty then nonexpansive mappings, quasi-nonexpansive
mappings and asymptotically nonexpansivemappings are all special cases of asymptotically quasi-nonexpansivemappings.
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Definition 1.2 (cf. [2,4–6]). Let X be a real normed space and C ⊂ X a convex set. Let Ti : C → C (i = 0, 1, . . . , k) be k+ 1
mappings and x1 ∈ C a given point. Then the sequence {xn}∞n=1 defined by
(IS)

x1 ∈ C
xn+1 = (1− an0 − bn0)xn + an0T n0 yn1 + bn0un0
yn1 = (1− an1 − bn1)xn + an1T n1 yn2 + bn1un1· · · · · ·
yn(k−1) = (1− an(k−1) − bn(k−1))xn + an(k−1)T nk−1ynk + bn(k−1)un(k−1)
ynk = (1− ank − bnk)xn + ankT nk xn + bnkunk
is called a k+ 1-step iterative scheme with error terms for Ti (i = 0, 1, . . . , k), where {uni}∞n=1, i = 0, 1, . . . , k are arbitrary
sequences in C and {ani}∞n=1, {bni}∞n=1, i = 0, 1, . . . , k are any sequences in [0, 1] satisfying
max
0≤i≤k
(ani + bni) ≤ 1, ∀n ∈ Z+, and
∞∑
n=1
max
0≤i≤k
bni <∞. (1.1)
Obviously, if k = 1 and T0 = T1, then (IS) in Definition 1.2 is a modified Ishikawa (two-step) iterative scheme with error
terms, as it is well known.
The class of asymptotically nonexpansive mappings was introduced in [1], in 1972, as an important generalization of the
class of nonexpansive mappings. They established that if C is a nonempty closed convex bounded subset of a uniformly
convex Banach space X and T is an asymptotically nonexpansive selfmapping of C , then C has a fixed point. Iterative
techniques for approximating fixed point of an asymptotically nonexpansive or quasi-nonexpansive mapping have been
studied by a number of authors (for example, see [3,7–20]). Xu and Noor [20], in 2002, introduced and studied a three-step
iterative scheme. It has been shown in [21] that three-step method perform better than two-step for solving variational
inequalities. In general, the k+ 1-step iterative scheme not only includes Ishikawa (two-step) iteration as special cases, but
also is more efficient to solve problems of pure and applied sciences (cf. [2]).
The problems of approximating common fixed points of two or finite many mappings have backgrounds in applied
mathematics. Note that two mappings case has a direct link with the minimization problem (see [22]). Recently, some
authors [2,4–6,22–27] have studied the iterative schemes involving two mappings or a finite family of mappings and have
given some approximation results.
Shahzad and Udomene [26] established convergence theorems for themodified Ishikawa iterative scheme involving two
asymptotically quasi-nonexpansive mappings in usual Banach spaces and in uniformly convex Banach spaces, respectively.
But their result in uniformly convex Banach spaces is not true. In the proof of Theorem 3.3 in [26], ‖Snxn − Snyn‖ → 0 as
n → ∞ is claimed by the uniform continuity of S and ‖xn − yn‖ → 0 as n → ∞. We point out that this is a mistake. For
counterexample, we suppose that S : (−∞,∞) → (−∞,∞) is the mapping by Sx = 2x, xn = 1n , yn = 1n+1 . Then S is
uniformly continuous and |xn − yn| → 0 as n→∞. But |Snxn − Snyn| = 2nn(n+1) →∞ as n→∞.
Khan, Domlo and Fukhar-ud-din [2], in 2008, introduced and studied a general iteration scheme for a finite family of
asymptotically quasi-nonexpansive mappings. Their results were generalizations of several recent ones. Since in [2] the
condition of (L, γ ) uniform Lipschitz was added in convergence theorems for uniformly convex Banach spaces, in fact, the
results in [2] were as well as improvements of the corresponding ones in [26].
Inspired by the important work of [2], in the present paper we study above iteration scheme (IS) with error terms. If
uni = 0 for all n and i, then (IS) is an iteration scheme in [2]. We devote to establish some convergence theorems without
the condition of (L, γ ) uniform Lipschitz. Our results presented in this paper extend and refine several known results in the
current literature (see Remarks 2.1 and 3.2).
The paper is organized as follows. In Section 2, we give some necessary and sufficient conditions for the convergence of
above scheme (IS) involving k+ 1 asymptotically quasi-nonexpansive mappings to a common fixed point of the mappings
in usual Banach spaces. In Section 3 we give some sufficient conditions for the convergence of above scheme (IS) involving
k + 1 power equicontinuous asymptotically quasi-nonexpansive mappings to a common fixed point of the mappings in
uniformly convex Banach spaces.
The following definitions and results will be needed in the sequel.
Lemma 1.1 ([17]). Let {rn}, {sn}, {tn} be three nonnegative sequences satisfying
rn+1 ≤ (1+ sn)rn + tn, ∀n ∈ Z+;
∞∑
n=1
sn <∞,
∞∑
n=1
tn <∞.
Then limn→∞ rn exists.
Definition 1.3 ([1,2]). Let X be a real Banach space.
(1) The convexity modulus of X is the function δX : (0, 2] → [0, 1] defined by
δX (ε) = inf{1− ‖(x+ y)/2‖ : ‖x‖ = 1, ‖y‖ = 1, ‖x− y‖ = ε}.
Let the dimension dim(X) ≥ 2. Then X is said to be uniformly convex if δX (ε) > 0 for all ε ∈ (0, 2].
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(2) X is said to satisfy Opial’s condition if for each sequence {xn} ⊂ X the condition that the sequence {xn} converges
weakly to x implies that
lim sup
n→∞
‖xn − x‖ < lim sup
n→∞
‖xn − y‖, ∀ y ∈ X \ {x}.
Let C ⊂ X . A mapping T : C → X is said to be
(3) semi-compact if any sequence {xn} in C satisfying limn→∞ ‖xn − Txn‖ = 0 has a convergent subsequence and
(4) demi-closed with respect to y ∈ X if for each sequence {xn} ⊂ C and each x ∈ X , {xn} converges weakly to x and {Txn}
converges strongly to y together imply that x ∈ C and Tx = y.
It is well known that all Hilbert space and Lp, `p spaces (1 < p < ∞) are uniformly convex while L1, L∞, `1, `∞ are not;
and all Hilbert space and `p spaces (1 < p <∞) are Opial spaces while Lp spaces (p 6= 2) are not.
Lemma 1.2 ([28]). Let q > 1 and R > 0 be two fixed numbers and X a Banach space. Then X is uniformly convex if and only if
there exists a continuous, strictly increasing and convex function g : [0,∞)→ [0,∞) with g(0) = 0 such that
‖λx+ (1− λ)y‖q ≤ λ‖x‖q + (1− λ)‖y‖q −Wq(λ)g(‖x− y‖)
for all x, y ∈ BR = {x ∈ X : ‖x‖ ≤ R} and λ ∈ [0, 1], where Wq(λ) = λ(1− λ)q + λq(1− λ).
Lemma 1.3 ([8]). Let X be a uniformly convex Banach space satisfying Opial’s condition and C ⊂ X a nonempty closed convex
set. Let T : C → C be an asymptotically nonexpansive mapping. Then I − T is demi-closed with respect to zero, where I is an
identity mapping.
2. Approximation in Banach spaces
We begin with the following lemma by finite induction.
Lemma 2.1. Let {ti}mi=0 ⊂ [0, 1]. Then
(1)
m∏
i=0
(1+ ti) ≤ 1+ 2m
m∑
i=0
ti.
(2)
m∏
i=0
(1+ ti)2 ≤ 1+ 4m+1
m∑
i=0
ti.
The following lemma can be easily verified.
Lemma 2.2. Let X be a real Banach space and C ⊂ X. Let T : C → X be asymptotically quasi-nonexpansive and F(T ) 6= ∅. Then
F(T ) is closed.
Theorem 2.3. Let C be a nonempty closed convex subset of a real Banach space X and Ti : X → X (i = 0, 1, . . . , k) be k + 1
asymptotically quasi-nonexpansive mappings with sequences {λni}∞n=1 ⊂ [0,∞) (i = 0, 1, . . . , k) and F =
⋂k
i=0 F(Ti) 6= ∅. Let{xn} be a sequence generated by (IS), where {uni}∞n=1 ⊂ C are all bounded, (i = 0, 1, . . . , k). Suppose that one of the following
conditions is satisfied:
(i)
∞∑
n=1
λniani <∞ (i = 0, 1, . . . , k).
(ii)
∞∑
n=1
an0
(
max
0≤i≤k
λni
)
<∞.
(iii)
∞∑
n=1
an0
(
λn0 + max
1≤i≤k
ani
)
<∞.
Then
(1) limn→∞ ‖xn − p‖ exists for any p ∈ F .
(2) {xn} converges strongly to a common fixed point of Ti (i = 0, 1, . . . , k) if and only if lim infn→∞ d(xn, F) = 0.
Proof. Since λni → 0 (i = 0, 1, . . . , k) as n→∞, we assume that λni ≤ 1 (i = 0, 1, . . . , k) for each n ∈ Z+, without loss
of generality.
Let p be an arbitrary element in F . Since {uni} (i = 0, 1, . . . , k) are all bounded,we haveM = max0≤i≤k supn≥1 ‖uni−p‖ <∞. Put ρni = aniλni, i = 0, 1, . . . , k. Since Ti (i = 0, 1, . . . , k) are all asymptotically quasi-nonexpansive, we have
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‖xn+1 − p‖ ≤ (1− an0 − bn0)‖xn − p‖ + an0‖T n0 yn1 − p‖ + bn0‖un0 − p‖≤ (1− an0)‖xn − p‖ + an0(1+ λn0)‖yn1 − p‖ + bn0M, (2.1)
‖yn1 − p‖ ≤ (1− an1 − bn1)‖xn − p‖ + an1‖T n1 yn2 − p‖ + bn1‖un1 − p‖≤ (1− an1)‖xn − p‖ + an1(1+ λn1)‖yn2 − p‖ + bn1M, (2.2)
· · · · · ·
‖yn(k−1) − p‖ ≤ (1− an(k−1) − bn(k−1))‖xn − p‖ + an(k−1)‖T nk−1ynk − p‖ + bn(k−1)‖un(k−1) − p‖≤ (1− an(k−1))‖xn − p‖ + an(k−1)(1+ λn(k−1))‖ynk − p‖ + bn(k−1)M, (2.3)
‖ynk − p‖ ≤ (1− ank − bnk)‖xn − p‖ + ank‖T nk xn − p‖ + bnk‖unk − p‖≤ (1− ank)‖xn − p‖ + ank(1+ λnk)‖xn − p‖ + bnkM. (2.4)
Since (1− ank)+ ank(1+ λnk) = 1+ ρnk, (2.4) yields
‖ynk − p‖ ≤ (1+ ρnk)‖xn − p‖ + bnkM. (2.5)
Observe that
1− an(k−1) + an(k−1)(1+ λn(k−1))(1+ ρnk) ≤ (1+ ρn(k−1))(1+ ρnk)
and
an(k−1)(1+ λn(k−1))bnkM + bn(k−1)M ≤ 2(bn(k−1) + bnk)M.
Substituting (2.5) into (2.3), we have
‖yn(k−1) − p‖ ≤ (1+ ρn(k−1))(1+ ρnk)‖xn − p‖ + 2(bn(k−1) + bnk)M. (2.6)
Successively, by (2.2), we have
‖yn1 − p‖ ≤
[
k∏
i=1
(1+ ρni)
]
‖xn − p‖ + 2k−1M
k∑
i=1
bni. (2.7)
Now, from (2.7) and (2.1), we obtain
‖xn+1 − p‖ ≤ (1+ αn)‖xn − p‖ + βn, (2.8)
where
αn = −an0 + an0(1+ λn0)
k∏
i=1
(1+ ρni) and βn = bn0M + 2k−1an0(1+ λn0)M
k∑
i=1
bni.
Since βn ≤ 2kM∑ki=0 bni, it follows from (1.1) that∑∞n=1 βn <∞.
If the condition (i) is satisfied, then by Lemma 2.1, we have
αn = an0
[
k∏
i=1
(1+ ρni)− 1
]
+ an0λn0
k∏
i=1
(1+ ρni)
≤
k∏
i=1
(1+ ρni)− 1+ ρn0
k∏
i=1
(1+ ρni) =
k∏
i=0
(1+ ρni)− 1 ≤ 2k
k∑
i=0
ρni,
which implies
∑∞
n=1 αn <∞.
If the condition (ii) is satisfied, then
αn ≤ −an0 + an0
(
1+ max
0≤i≤k
λni
)k+1
≤ −an0 + an0
(
1+ 2k+1 max
0≤i≤k
λni
)
= 2k+1an0 max
0≤i≤k
λni.
This shows that
∑∞
n=1 αn <∞.
If the condition (iii) is satisfied, then
αn ≤ −an0 + an0(1+ λn0)
(
1+ max
1≤i≤k
ani
)k
≤ 2k+1an0
(
λn0 + max
1≤i≤k
ani
)
.
Hence we have
∑∞
n=1 αn <∞.
By (2.8) and Lemma 1.1, we have that limn→∞ ‖xn − p‖ exists. Therefore, the assertion (1) holds.
Next, we will prove that the assertion (2) holds. It suffices that we only prove the sufficiency. Clearly, (2.8) yields
d(xn+1, F) ≤ (1+ αn)d(xn, F)+ βn. (2.9)
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Using Lemma 1.1 again, we see that limn→∞ d(xn, F) exists. By lim infn→∞ d(xn, F) = 0, we have
lim
n→∞ d(xn, F) = 0. (2.10)
We claim that {xn} is a Cauchy sequence. In fact, since {‖xn − p‖} is convergent, for every ε > 0 there exists N ∈ Z+ such
that
‖xn+j − p‖ ≤ ‖xn − p‖ + ε, ∀ n ≥ N,∀ j ∈ Z+,∀ p ∈ F .
According to the definition of d(xn, F), there exists pn ∈ F such that ‖xn − pn‖ < d(xn, F)+ ε. Hence,
‖xn+j − xn‖ ≤ ‖xn+j − pn‖ + ‖pn − xn‖
≤ 2‖xn − pn‖ + ε < 2d(xn, F)+ 3ε.
This implies that {xn} is a Cauchy sequence in C by (2.10). Since X is complete and C is closed, there exists p0 ∈ C such that
limn→∞ xn = p0. Since d(x, F) is continuous, we have d(p0, F) = limn→∞ d(xn, F) = 0, p0 ∈ F , where F is the closure of F .
By Lemma 2.2, F(Ti) (i = 0, 1, . . . , k) are all closed and so is F . Therefore, p0 ∈ F . This completes the proof. 
If there exists a subsequence {xnj} of {xn}which converges strongly to p ∈ F , then lim infn→∞ d(xn, F) = 0, so we have:
Theorem 2.4. Let the conditions in Theorem 2.3 be satisfied. Then the sequence {xn} generated by (IS) converges strongly to a
common fixed point p if and only if there exists a subsequence {xnj} of {xn} which converges strongly to p.
Since an asymptotically nonexpansive mapping with a nonempty fixed point set is asymptotically quasi-nonexpansive,
we have:
Theorem 2.5. Let the conditions in Theorem2.3 be satisfied. Assume, in addition, that Ti (i = 0, 1, . . . , k) are k+1 asymptotically
nonexpansive mappings. Then the sequence {xn} generated by (IS) converges strongly to a common fixed point of Ti (i =
0, 1, . . . , k) if and only if lim infn→∞ d(xn, F) = 0.
Remark 2.1. Wewould like to point out that Theorems 2.3–2.5 generalize and refine the corresponding results of Petryshyn
and Williamson [13], Ghosh and Debnath [7], Liu [10,11], Xu and Noor [20], Xiao and Zhu [19], Chidume [4], Shahzad and
Udomene [26], Khan, Domlo and Fukhar-ud-din [2], and all the others. These theorems improve their ones in the following
aspects.
(1) The conditions (i), (ii) and (iii) are weak.
(2) The iterative scheme is extended to the k+ 1-step iterative scheme with error terms.
3. Approximation in uniformly convex spaces
Definition 3.1. Let X be a real normed space and C ⊂ X . A mapping T : D → C is said to be power equicontinuous if
{T n : n ∈ Z+} is a family of equicontinuous mappings.
Remark 3.1. It is evident that an asymptotically nonexpansivemapping is power equicontinuous. We recall that a mapping
T : D→ C is said to be (L, γ ) uniform Lipschitz if there are constants L > 0 and γ > 0 such that ‖T nx− T nx‖ ≤ L‖x− y‖γ
for all x, y ∈ C and n ∈ Z+ (see [2,3]). From Definition 3.1 we see that a (L, γ ) uniform Lipschitz mapping is power
equicontinuous. However, the converse of this statement is not true, in general.
Theorem 3.1. Let X be a real uniformly convex Banach space and C a nonempty closed convex subset of X. Let Ti : C →
C (i = 0, 1, . . . , k) be k + 1 power equicontinuous asymptotically quasi-nonexpansive mappings with sequences {λni}∞n=1 ⊂
[0,∞) (i = 0, 1, . . . , k) such that∑∞n=1max0≤i≤k λni <∞ and F =⋂ki=0 F(Ti) 6= ∅. Let {xn} be a sequence generated by (IS),
where {ani}∞n=1 (i = 0, 1, . . . , k) are sequences in [δ, 1− δ] for some δ ∈ (0, 12 ), and {uni}∞n=1 (i = 0, 1, . . . , k) are all bounded
sequences in C. Then
(1) limn→∞ ‖xn − T ni xn‖ = 0 (i = 0, 1, . . . , k).
(2) limn→∞ ‖xn − Tixn‖ = 0 (i = 0, 1, . . . , k).
Proof. Since limn→∞ λni = 0 (i = 0, 1, . . . , k), we assume that λni ≤ 1 (i = 0, 1, . . . , k) for each n ∈ Z+, without
loss of generality. Let p ∈ F . Since∑∞n=1max0≤i≤k λni < ∞, the condition (ii) in Theorem 2.3 is satisfied. According to
Theorem 2.3(1), {‖xn − p‖} is convergent. Then, {xn} is bounded. From (2.5)–(2.7) we see that {yni}∞n=1 (i = 0, 1, . . . , k) are
all bounded. Hence, there existsM > 0 such that
M = max
{
sup
n≥1
‖xn − p‖, max
1≤i≤k
sup
n≥1
‖yni − p‖, max
0≤i≤k
sup
n≥1
‖uni − p‖
}
<∞.
Since Tk is asymptotically quasi-nonexpansive, we have
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2‖(1− ank)(xn − p)+ ank(T nk xn − p)‖‖bnk(unk − xn)‖ + ‖bnk(unk − xn)‖2
≤ 2bnk [‖xn − p‖ + (1+ λnk)‖xn − p‖] [‖unk − p‖ + ‖xn − p‖]+ bnk [‖unk − p‖ + ‖xn − p‖]2
≤ 2bnk(M + 2M)2M + bnk(2M)2 = 42M2bnk. (3.1)
Observe thatW2(ank) = ank(1− ank) ≥ δ2. By virtue of Lemma 1.2, from (3.1), we have
‖ynk − p‖2 = ‖(1− ank)(xn − p)+ ank(T nk xn − p)+ bnk(unk − xn)‖2
≤ ‖(1− ank)(xn − p)+ ank(T nk xn − p)‖2 + 42M2bnk
≤ (1− ank)‖xn − p‖2 + ank(1+ λnk)2‖xn − p‖2
− ank(1− ank)g(‖xn − T nk xn‖)+ 42M2bnk
≤ (1+ λnk)2‖xn − p‖2 − δ2g(‖xn − T nk xn‖)+ 42M2bnk; (3.2)
‖yn(k−1) − p‖2 ≤ (1− an(k−1))‖xn − p‖2 + an(k−1)(1+ λn(k−1))2‖ynk − p‖2
− δ2g(‖xn − T nk−1ynk‖)+ 42M2bn(k−1). (3.3)
Substituting (3.2) into (3.3), it yields
‖yn(k−1) − p‖2 ≤ (1+ λn(k−1))2(1+ λnk)2‖xn − p‖2 − δ3g(‖xn − T nk xn‖)
− δ3g(‖xn − T nk−1ynk‖)+ 43M2(bn(k−1) + bnk). (3.4)
If we proceed in this way, then we have
‖yn1 − p‖2 ≤
[
k∏
i=1
(1+ λni)2
]
‖xn − p‖2 − δk+1g(‖xn − T nk xn‖)
− δk+1
k∑
i=2
g(‖xn − T ni−1yni‖)+ 4k+1M2
k∑
i=1
bni. (3.5)
Since T0 is asymptotically quasi-nonexpansive, using Lemma 1.2 again, we also have
‖xn+1 − p‖2 ≤ ‖(1− an0)(xn − p)+ an0(T n0 yn1 − p)‖2 + 42M2bn0
≤ (1− an0)‖xn − p‖2 + an0(1+ λn0)2‖yn1 − p‖2 − an0(1− an0)g(‖xn − T n0 yn1‖)+ 42M2bn0. (3.6)
Observe that
1− an0 + an0(1+ λn0)2
k∏
i=1
(1+ λni)2 ≤
k∏
i=0
(1+ λni)2,
42M2bn0 + an0(1+ λn0)24k+1M2
k∑
i=1
bni ≤ 4k+2M2
k∑
i=0
bni,
an0(1− an0) ≥ δ2 ≥ δk+2, an0(1+ λn0)2 ≥ δ.
From (3.5) and (3.6), we obtain
‖xn+1 − p‖2 ≤
[
k∏
i=0
(1+ λni)2
]
‖xn − p‖2 + 4k+2M2
k∑
i=0
bni
− δk+2g(‖xn − T nk xn‖)− δk+2
k∑
i=1
g(‖xn − T ni−1yni‖). (3.7)
Set βn =
[∏k
i=0(1+ λni)2 − 1
]
‖xn − p‖2 + 4k+2M2∑ki=0 bni. By Lemma 2.1, we get
βn ≤ 4k+1M2
k∑
i=0
λni + 4k+2M2
k∑
i=0
bni ≤ 4k+2M2
(
k∑
i=0
λni +
k∑
i=0
bni
)
.
This shows that
∑∞
n=1 βn <∞. Thus, by (3.7), we have
δk+2
[
g(‖xn − T nk xn‖)+
k∑
i=1
g(‖xn − T ni−1yni‖)
]
≤ ‖xn − p‖2 − ‖xn+1 − p‖2 + βn,
and so
2068 J.-Z. Xiao et al. / Journal of Computational and Applied Mathematics 233 (2010) 2062–2070
δk+2
[ ∞∑
n=1
g(‖xn − T nk xn‖)+
k∑
i=1
∞∑
n=1
g(‖xn − T ni−1yni‖)
]
≤ ‖x1 − p‖2 +
∞∑
n=1
βn <∞. (3.8)
Therefore, limn→∞ g(‖xn − T nk xn‖) = 0 and limn→∞ g(‖xn − T ni−1yni‖) = 0(i = 1, . . . , k). Since g(t) is strictly increasing
and continuous at t = 0, we have
lim
n→∞ ‖xn − T
n
k xn‖ = 0 (3.9)
and
lim
n→∞ ‖xn − T
n
i−1yni‖ = 0 (i = 1, . . . , k). (3.10)
Observe that
‖ynk − xn‖ = ‖ank(T nk xn − xn)+ bnk(unk − xn)‖ ≤ ank‖T nk xn − xn‖ + 2Mbnk, (3.11)
‖yn(i−1) − xn‖ = ‖an(i−1)(T ni−1yni − xn)+ bn(i−1)(un(i−1) − xn)‖≤ an(i−1)‖T ni−1yni − xn‖ + 2Mbn(i−1) (i = 2, 3, . . . , k). (3.12)
From (3.9)–(3.12), we have
lim
n→∞ ‖yni − xn‖ = 0 (i = 1, 2, . . . , k). (3.13)
Additionally, for i = 1, 2, . . . , k, we have
‖xn − T ni−1xn‖ ≤ ‖xn − T ni−1yni‖ + ‖T ni−1yni − T ni−1xn‖. (3.14)
Since Ti−1 (i = 1, 2, . . . , k) are all power equicontinuous, from (3.10), (3.13) and (3.14), we obtain
lim
n→∞ ‖xn − T
n
i−1xn‖ = 0 (i = 1, 2, . . . , k). (3.15)
Combining (3.9) with (3.15), we see that the assertion (1) holds, that is
lim
n→∞ ‖xn − T
n
i xn‖ = 0 (i = 0, 1, . . . , k). (3.16)
Observe that
‖T ni xn+1 − xn+1‖ ≤ ‖T ni xn+1 − T ni xn‖ + ‖T ni xn − xn‖ + ‖xn − xn+1‖ (i = 0, 1, . . . , k); (3.17)
‖xn+1 − xn‖ = ‖an0(T n0 yn1 − xn)+ bn0(un0 − xn)‖ ≤ an0‖T n0 yn1 − xn‖ + 2Mbn0; (3.18)
‖xn+1 − Tixn+1‖ ≤ ‖xn+1 − T n+1i xn+1‖ + ‖T n+1i xn+1 − Tixn+1‖ (i = 0, 1, . . . , k). (3.19)
By (3.10) and (3.18), we have
lim
n→∞ ‖xn+1 − xn‖ = 0. (3.20)
Since Ti (i = 0, 1, . . . , k) are all power equicontinuous, from (3.20), this implies that
lim
n→∞ ‖T
n
i xn+1 − T ni xn‖ = 0 (i = 0, 1, . . . , k).
Letting n → ∞ in (3.17), by (3.16) and (3.20), we have limn→∞ ‖T ni xn+1 − xn+1‖ = 0(i = 0, 1, . . . , k). Hence, the power
equicontinuity of Ti implies that
lim
n→∞ ‖T
n+1
i xn+1 − Tixn+1‖ = 0 (i = 0, 1, . . . , k). (3.21)
Letting n→∞ in (3.19), by (3.16) and (3.21), we conclude that limn→∞ ‖xn+1− Tixn+1‖ = 0, and so limn→∞ ‖xn− Tixn‖ =
0 (i = 0, 1, . . . , k), which shows that the assertion (2) holds. This completes the proof. 
Theorem 3.2. Let X, C, Ti (i = 0, 1, . . . , k) and {xn} be as taken in Theorem 3.1. Assume, in addition, that there exist
m ∈ Z+ and r ∈ {0, 1, . . . , k} such that Tmr is semi-compact. Then {xn} converges strongly to some common fixed point of
Ti (i = 0, 1, . . . , k).
Proof. By Theorem3.1(2),wehave limn→∞ ‖Trxn−xn‖ = 0. Since Tr is power equicontinuous,wehave‖T kr xn−T k−1r xn‖ → 0
as n→∞, for each k ∈ Z+. Observe that
‖Tmr xn − xn‖ ≤ ‖Tmr xn − Tm−1r xn‖ + ‖Tm−1r xn − Tm−2r xn‖ + · · · + ‖Trxn − xn‖.
Letting n→∞, we have ‖Tmr xn − xn‖ → 0. Since Tmr is semi-compact, there exists a subsequence {xnj} of {xn} such that
xnj → p as j→∞, for some p ∈ C . (3.22)
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By the continuity of Ti(i = 0, 1, . . . , k), from (3.22), we have Tixnj → Tip as j→∞. Since ‖Tixnj − xnj‖ → 0 as j→∞ by
Theorem 3.1(2), from (3.22), we have Tixnj → p as j→∞. Hence, p = Tip (i = 0, 1, . . . , k) and so xnj → p ∈ F as j→∞.
Since limn→∞ ‖xn − p‖ exists by Theorem 2.3(1), we conclude that xn → p as n→∞. This completes the proof. 
A compact mapping is semi-compact, so we have:
Theorem 3.3. Let X, C, Ti (i = 0, 1, . . . , k) and {xn} be as taken in Theorem 3.1. Assume, in addition, that there exist m ∈ Z+
and r ∈ {0, 1, . . . , k} such that Tmr is compact. Then {xn} converges strongly to some common fixed point of Ti (i = 0, 1, . . . , k).
Theorem 3.4. Let X, C, Ti (i = 0, 1, . . . , k) and {xn} be as taken in Theorem 3.1. Assume, in addition, that Ti (i = 0, 1, . . . , k)
satisfymax0≤i≤k ‖x − Tix‖ ≥ f (d(x, F)) for each x ∈ C, where f : [0,∞) → [0,∞) is an increasing function with f (0) = 0.
Then {xn} converges strongly to some common fixed point of Ti (i = 0, 1, . . . , k).
Proof. By Theorem 3.1, we have limn→∞ ‖xn − Tixn‖ = 0 (i = 0, 1, . . . , k). Since f (d(xn, F)) ≤ max0≤i≤k ‖xn − Tixn‖ for all
n ∈ Z+, we have limn→∞ f (d(xn, F)) = 0, and so limn→∞ d(xn, F) = 0. Therefore, the assertion is proved by duplicating the
proof of Theorem 2.3. 
Theorem 3.5. Let X be a real uniformly convex Banach space satisfying the Opial’s condition and C a nonempty closed convex
subset of X. Let Ti : C → C (i = 0, 1, . . . , k) be k + 1 asymptotically nonexpansive with sequence {λni}∞n=1 ⊂ [0,∞) (i =
0, 1, . . . , k) such that
∑∞
n=1max0≤i≤k λni < ∞ and F =
⋂k
i=0 F(Ti) 6= ∅. Let {xn} be a sequence generated by (IS), where
{ani}∞n=1 (i = 0, 1, . . . , k) are sequences in [δ, 1− δ] for some δ ∈ (0, 12 ) and {uni}∞n=1 (i = 0, 1, . . . , k) are bounded sequences
in C. Then {xn} converges weakly to a common fixed point of Ti (i = 0, 1, . . . , k).
Proof. By Theorem 2.3(1), {xn} is bounded. Then {xn} has a weakly convergent subsequence {xnj}. Suppose {xnj} converges
weakly to p. Since C is weakly closed and {xnj}∞j=1 ⊂ C , we have p ∈ C . By Lemma 1.3 and Theorem 3.1(2), (I − Ti)p =
p − Tip = 0 (i = 0, 1, . . . , k), that is p ∈ F = ⋂ki=0 F(Ti). If {xn} does not converges weakly to p, then there exists another
subsequence {xnm} of {xn} which converges weakly to some p0 6= p. Similarly we can prove that p0 ∈ F . It follows from
Theorem 2.3(1) that limn→∞ ‖xn − p‖ and limn→∞ ‖xn − p0‖ exist. From Opial’s condition, we have
lim
n→∞ ‖xn − p‖ = lim supj→∞ ‖xnj − p‖ < lim supj→∞ ‖xnj − p0‖
= lim
n→∞ ‖xn − p0‖ = limm→∞ ‖xnm − p0‖
< lim sup
m→∞
‖xnm − p‖ = limn→∞ ‖xn − p‖,
which is a contradiction. Hence, {xn} converges weakly to p. This completes the proof. 
Since an asymptotically nonexpansivemappingwith nonempty fixed point set is asymptotically quasi-nonexpansive and
power equicontinuous, by virtue of Theorems 3.2 and 3.4, we have:
Theorem 3.6. Let X be a real uniformly convex Banach space and C ⊂ X a nonempty closed convex set. Let Ti : C →
C (i = 0, 1, . . . , k) be asymptotically nonexpansive mappings with sequence {λni} ⊂ [0,∞) (i = 0, 1, . . . , k) such that∑∞
n=1max0≤i≤k λni < ∞ and F =
⋂k
i=0 F(Ti) 6= ∅. Let {xn} be a sequence generated by (IS), where {ani}∞n=1 (i = 0, 1, . . . , k)
are sequences in [δ, 1− δ] for some δ ∈ (0, 12 ), and {uni}∞n=1 (i = 0, 1, . . . , k) are bounded sequences in C. If one of the following
conditions is satisfied:
(i) there exist m ∈ Z+ and r ∈ {0, 1, . . . , k} such that Tmr is semi-compact,
(ii) max0≤i≤k ‖x− Tix‖ ≥ f (d(x, F)) for each x ∈ C, where f : [0,∞)→ [0,∞) is an increasing function with f (0) = 0,
then {xn} converges strongly to some common fixed point of Ti (i = 0, 1, . . . , k).
Remark 3.2. Note that an asymptotically nonexpansive mapping with nonempty fixed point set is asymptotically quasi-
nonexpansive and power equicontinuous, and two-step iterative scheme is the special case of the k + 1-step iterative
scheme.Wewould like to point out that our results presented in this section generalize and refine the corresponding results
of Górnicki [8], Schu [14], Khan and Takahashi [24], Liu [3], Shahzad and Udomene [26], Khan, Domlo and Fukhar-ud-din [2],
and all the others. Theorems 3.2 and 3.5 extend Theorem3.3 and Theorem4.2 of [2], respectively, for (L, γ ) uniform Lipschitz
mappings to power equicontinuous mappings, in the case of an iterative scheme with error terms.
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